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The long-time self-diffusivity in concentrated colloidal dispersions is determined from
a consideration of the temporal decay of density fluctuations. For hydrodynamically
interacting Brownian particles the long-time self-diffusivity, D3, is shown to be
expressible as the product of the hydrodynamically determined short-time self-
diffusivity, Dj(¢), and a contribution that depends on the distortion of the equilibrium
structure caused by a diffusing particle. An argument is advanced to show that as
maximum packing is approached the long-time self-diffusivity scales as D (¢) ~
Di(9)/g(2; $), where g(2; ¢) is the value of the equilibrium radial-distribution function
at contact and ¢ is the volume fraction of interest. This result predicts that the long-
time self-diffusivity vanishes quadratically at random close packing, ¢,, ~ 0.63, i.e.
Di ~D(1—-¢/¢,)? as ¢p—>¢,, where D, =kT/6nya is the diffusivity of a single
isolated particle of radius a in a fluid of viscosity #. This scaling occurs because Dj(¢)
vanishes linearly at random close packing and the radial-distribution function at
contact diverges as (1—¢/¢,,)"". A model is developed to determine the structural
deformation for the entire range of volume fractions, and for hard spheres the long-
time self-diffusivity can be represented by : D (¢) = Di(¢)/[1 +2¢g(2; ¢)]. This formula
is in good agreement with experiment. For particles that interact through hard-sphere-
like repulsive interparticle forces characterized by a length (> a), the same formula
applies with the short-time self-diffusivity still determined by hydrodynamic in-
teractions at the true or ‘hydrodynamic’ volume fraction ¢, but the structural
deformation and equilibrium radial-distribution function are now determined by the
‘thermodynamic’ volume fraction ¢, based on the length 5. When b > q, the long-time
self-diffusivity vanishes linearly at random close packing based on the ‘thermo-
dynamic’ volume fraction ¢,,,. This change in behaviour occurs because the true or
‘hydrodynamic’ volume fraction is so low that the short-time self-diffusivity is given
by its infinite-dilution value D,. It is also shown that the temporal transition from
short- to long-time diffusive behaviour is inversely proportional to the dynamic
viscosity and is a universal function for all volume fractions when time is non-
dimensionalized by a®/D? (¢).

1. Introduction

The diffusive motion of particles in colloidal dispersions is one of the most
fundamental processes occurring in these systems. It can be readily accessed by
dynamic light scattering and related to a number of transport and relaxation
mechanisms. There are three well-defined diffusive processes occurring in colloidal
dispersions: the short-time self-diffusivity, to be denoted by Dj, the long-time self-
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diffusivity, D%, and the gradient or collective diffusivity, D°.¥ At infinite dilution all
three diffusivities are the same and equal to the Stokes—FEinstein diffusivity of a single
isolated particle: D, = kT/6nya. Here, k is Boltzmann’s constant, T is the absolute
temperature, 5 is the viscosity of the continuum suspending fluid, and a is the
characteristic particle size.

Although they are the same at infinite dilution, the three diffusivities are quite
different at higher concentrations and correspond to distinct physical processes. The
short-time self-diffusivity measures the local ‘mobility” of a particle on timescales long
compared to the momentum relaxation time of a particle, 7, = m/6mya, but small
compared to the time it takes a particle to move a distance a fraction of its size, which
is the diffusive or Smoluchowski timescale 75 = a*/D,. Here, m is the mass of the
particle, and for particles of density comparable to that of the fluid 7; ~ a*/v, where
v is the kinematic viscosity of the fluid. For colloidal particles as smallas 10 nm 74/7; =~
104, showing that the particle’s momentum has relaxed long before the particle has
moved, and that the dynamics are governed by the diffusive Smoluchowski equation.
The long-time self-diffusivity, on the other hand, corresponds to motion on times long
compared to a*/D,, so that a particle has wandered far from its starting point,
exchanging places with its neighbours. Finally, the collective or gradient diffusivity
corresponds to the diffusivity one would measure resulting from the net flux of all the
particles down a macroscopic concentration gradient.

All three diffusivities are measurable in dynamic light scattering experiments. The
short- and long-time self-diffusivities can be measured in tracer experiments where a
small fraction of the particles are tagged and their motion followed. The relevant
quantity measured is the spatial Fourier transform of the tracer density autocorrelation
function, F(k, t), also known as the self-intermediate scattering function, which can be
related directly to the scattered light intensity (Berne & Pecora 1976). Here, k is the
wave vector of the scattered light, which corresponds to one over the range of the
density fluctuations. For diffusive behaviour the self-intermediate scattering function
decays exponentially in time, F, ~ exp(—k®Dt), from which the diffusivity can be
obtained by time differentiation. The short-time self-diffusivity corresponds to the
initial slope, while the long-time self-diffusivity is given in the limit - co. It is only at
these two extremes in time that the motion is diffusive. At intermediate times, a
diffusing particle distorts its local environment, and the reaction of the distorted
structure results in a non-diffusive motion in general. Only at long times when the
particle has encountered many independent ‘distorted environments’ will the central
limit theorem apply and the motion be diffusive (Batchelor 1983; Rallison & Hinch
1986).

In this paper we study the long-time diffusive behaviour in concentrated colloidal
dispersions. There have been numerous studies of this problem; only a few of the most
recent and relevant can be mentioned: Batchelor (1983), Rallison & Hinch (1986),
Rallison (1988), Pusey (1991), Medina-Noyola (1988), Cohen & de Schepper (1991),
Leegwater & Szamel (1992), Szamel & Leegwater (1992) and Cichocki & Felderhof
(1992). The study by Rallison & Hinch is particularly thorough and careful in its
discussion of the limits under which diffusive motion applies. Although there have been
a number of studies, no completely satisfactory theory, particularly at high
concentrations, has emerged. In this paper we develop a very simple theory that leads
to scaling predictions for the long-time self-diffusivity near maximum packing and to

t+ We are only considering translational diffusion in this paper. There are analogous rotational
diffusivities.
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accurate quantitative predictions for all volume fractions. The theory also provides a
natural and rigorous connection to rheological behaviour.

As a tracer particle moves in the suspension it deforms its local environment. The
distorted structure or ‘cage’ must then relax to free the tracer to continue its random
walk. This distortion and relaxation of the local structure retards the motion of the
tracer and is responsible for the long-time self-diffusivity being smaller than the short-
time self-diffusivity. The appropriate timescale for the relaxation of the structure is the
particle size squared divided by the long-time self-diffusivity, as particles must move
distances of order their size to free the tracer. As the density increases, it is more
difficult to distort and relax the structure and the motion slows down, ultimately
vanishing at close packing.

Alternatively, one can view (loosely) the diffusing particle as pushing and carrying
along its neighbours (or cage) as it moves. This has the effect of increasing the ‘size’
of the particle, and from the Stokes—Einstein relation the diffusivity decreases as one
over the size. At maximum packing the particle becomes ‘infinite’ in size and the long-
time self-diffusivity vanishes. This argument applies whether or not the particles
interact hydrodynamically and thus this slowing down can be related to structural (or
thermodynamic) properties of the dispersion, particularly to the radial-distribution
function at contact, g(2), which is proportional to the effective size of the tracer. Hence,
in the absence of hydrodynamic interactions and as the number density approaches
maximum packing, we expect D5, ~ D /g(2) - the single-particle diffusivity divided by
the new size. For hard-sphere-like repulsive forces the radial-distribution function at
contact diverges as (1 —n/n,)™' as n—>n,,, and thus we predict that in the absence of
hydrodynamic interactions the long-time self-diffusivity vanishes linearly as n-n,,.
Here, n is the number density of particles, and the maximum number density, n,,, is set
by the thermodynamic interactions among particles.

With hydrodynamic interactions, the individual particle mobility is no longer the
infinite-dilution value D,, but rather the average mobility of a particle in the
suspension, which is the short-time self-diffusivity Dj. Since the increase in effective size
is the same with or without hydrodynamics, we expect in general that D%, ~ D}/g(2) as
maximum packing is approached. Indeed, we shall see below that such a factorization
into hydrodynamic, Dj, and structural, g(2), parts is borne out by the analysis and by
experiment for all concentrations, not just near maximum packing. We have a very
simple physical picture of the diffusion process: the long-time self-diffusivity is
proportional to the average diffusivity of an individual particle divided by its
characteristic ‘size’; the former is set by hydrodynamics and the latter primarily by
thermodynamics. For hydrodynamically interacting Brownian hard spheres, the short-
time self-diffusivity vanishes linearly as maximum packing is approached, and thus the
long-time self-diffusivity is predicted to vanish quadratically, i.e. D ~ D(1—¢/¢,,)*
as ¢ - ¢,,; one factor from D and one from g(2). Here, ¢ = jnna® is the volume
fraction of suspended particles and ¢, ~ 0.63.

In §2 we develop the general equations to describe the temporal decay of density
fluctuations, which leads to the dynamic structure factor, and show explicitly how one
can readily obtain the short-time and collective diffusivities as equilibrium averages.
The long-time self-diffusivity involves the deformation of the structure caused by the
diffusing tracer, and in this section we also present the N-particle Smoluchowski
equation for the perturbed structure. In the next section we reduce the general
equations applicable for all time and all wavelengths to the large-wavelength long-time
limit appropriate for determining the long-time self-diffusivity. The N-particle
equations are reduced to an equation for a pair, and a simple scaling argument shows
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that the long-time self-diffusivity factors into the product of the hydrodynamically
determined short-time self-diffusivity and a structural term determined by the
deformation of the equilibrium distribution caused by the diffusing tracer. To
determine the deformed structure the pair-evolution equation must be solved, and,
since the motion of a pair is coupled to higher-order distributions, a closure is needed.
We close this equation in a self-consistent manner by recognizing that the perturbed
structure relaxes with the long-time self-diffusivity, which leads to the scaling
prediction that the ‘effective size’ of the tracer is proportional to the equilibrium
radial-distribution function at contact, hence to the prediction that the long-time self-
diffusivity is proportional to the short-time self-diffusivity divided by the equilibrium
radial-distribution function at contact. The results of the theory are compared with
experiment and computer simulation and are shown to be in good agreement for all
volume fractions.

In §4 we relate the self-diffusivities to the suspension viscosity. The short-time self-
diffusivity is seen to be inversely proportional to the high-frequency dynamic viscosity:
D;, ~ 1/qan.,, both being determined by hydrodynamics. From my earlier work on the
rheological behaviour of concentrated colloidal dispersions (Brady 1993 4), it is shown
that the long-time seif-diffusivity is inversely proportional to the zero-frequency or
steady-shear viscosity: D% ~ 1/yan;. In this section we also extend the analysis to
determine the temporal response as the tracer approaches its long-time diffusive
asymptote — so-called memory effects. Perhaps not surprisingly, it is shown that the
time Fourier transform of the difference between one over the long- and short-time
self-diffusivities, (1/D3 —1/Dj), is proportional to the frequency-dependent dynamic
viscosity 7,(w). We also predict that the normalized frequency-dependent self-
diffusivity, (1/D*(w)—1/D})/(1/D3, —1/D;), is a universal function for all ¢ of the
reduced frequency wa?®/ D%, (¢). Finally, we conclude in § 5 with the observation that this
factorization into hydrodynamic and structural parts carries over into other situations,
such as the diffusivity in a suspension of rods or in a fixed array.

2. Density fluctuations and the particle evolution equation
2.1. Problem formulation

The diffusive motion is most conveniently studied by a consideration of the decay of
density fluctuations. The particle density at any point x is defined by

nx,0) = 3 00— x,(0),

a=1
where ¢ is the delta function, and x () is the position of particle « at time ¢. The spatial
Fourier transform of the density is given by

N
Ak, t) = fe“‘"‘n(x, Hdx = Y e¥*x,
a=1
Since the average density fluctuation is zero, we need to consider the correlation in
density fluctuations, specifically, the density fluctuation autocorrelation function,
which leads naturally to its spatial Fourier transform, the dynamic structure factor:

Fk,f) = %(ﬁ(k, £) i =k, 0)> — n(2m)? 8(k)

N
_ %< 3 eik~(xa(t)‘-xﬂ(0))> —n(2m)? 8(k), (0
a,f
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where n is the average number density. The angle brackets in (1) denote an ensemble
average over the joint probability Py(x™(¢), t; x"(0),0) of particles being at x~(0) at
time 0 and at x™(t) at time ¢. Here x" denotes the set of coordinates (x;,...,xy).
Performing the average over the joint probability density, (1) becomes for identical
particles

11 (%

Fk,t) = N 3 etk xlO=xs 00 p (3N (1), xN(0)) dxV(£) dx¥(0) — n(2n)® 8(k)
8 Py

= ]—vl—' f (e =02 4 (N [)elk Oy P dx¥ (1) dx™(0) — n(2n)® o(k)

— F;(k, t) +%1Jeik.(x2(t)—x1(0)) PN de(t) de(O)-n(2n)3 3(k), (2)

where we have introduced the self-intermediate scattering function F,(k,t). The self-
diffusivity of colloidal particles measured in a tracer experiment where a small fraction
are tagged is determined by F,, and we shall primarily be concerned with this function
here.

The joint probability Py(x(¢), x"(0)) can be expressed in terms of the conditional
probability of being at x¥(¢) given that the particles started at x™(0),

Py(x™(2), x7(0)) = Py(x™(1)| x™(0)) PH(x"(0)),

where P%(x"(0)) is the probability of being in the state x~(0). The initial condition on
the conditional probability is then

Py(x™ ()| xN(0)) = o(xV()—xN(0)) at t=0. 3)
From the initial condition we have for the structure factors
F(k,0) =1, “)

and

Fk,0)=1 +%¢Jeik~(xg(0)—x1(0)) P(z)v de(O) —n(27t)3 (k)

=1+ % je“‘ "(0=a 00 Pl dx (0) dx,(0) — n(2m)® 0(k)

=1+n fe“‘"(g(r)— 1) dr

= Sy(k), )

where S,(k), the Fourier transform of the radial-distribution function g(r), is the static
structure factor, and r = x,—x,.

The conditional probability, to be denoted simply by Py(x¥(¢)| x¥(0)) = Py, for the
evolution of a suspension of identical spherical particles of radii  subject to Brownian,
interparticle and hydrodynamic forces at low Reynolds number satisfies the N-particle
Smoluchowski equation:

0Py

SV =0, ©)

where the probability flux j, is given by
Jjy =Py =Rz, (FF—kTVin Py) Py. 7
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In (7) v is the ‘velocity’ of the particles viewed as an operator, and in writing this we
have combined the individual particle velocity vectors (for spherical particles only the
translational velocities and the positions of the centres of each particle need be
considered) into a single 3N vector v. The ‘velocity’ of a particle is expressible as
the product of a mobility times a force. The colloidal interparticle forces are denoted
by F”, and the Brownian forces are given by kT times the negative gradient with respect
to the configuration vector x of the log of the probability density, —kTVIn Py. The
3N x 3N hydrodynamic resistance tensor R, relates the hydrodynamic force exerted
on the particles to their velocities, and its inverse, Ry}, is the N-particle mobility giving
the velocities in terms of the forces. From the Stokes-Einstein relation this mobility
multiplied by kT is the N-particle diffusivity tensor:

D = kTR},.
With interparticle forces derivable from a potential,

FF =-VV,

the equilibrium distribution is given by
jx=0,
which, since D is positive definite, requires that
F° =kTVInP,,
whose solution is the Boltzmann distribution
Py ~ exp (— V/KT), ®

where the superscript eq denotes equilibrium. For the case of Brownian hard spheres,
the potential is infinite if the particles overlap and zero elsewhere, and (8) gives the well-
known hard-sphere distribution. If the initial condition is taken to be the equilibrium
one, as we shall do here, then PS, = P¢.

To determine the diffusive behaviour we need to solve (6) for the evolution of the
particles and then use this in (2) to determine the dynamic structure factor. This can be
simplified by first performing the ensemble average over the initial values x¥(0) by
introducing (Rallison & Hinch 1986)

P, = JPN(xN(t) | x¥(0)) P, e 5@ dx¥(0). 9)
The self-intermediate scattering function then becomes
F(k,t) = %fﬁN ek n® dxN(r). (10)
Similarly, F(k, t) becomes
Fk, 1) = F(k,t)+ %1 JPN ek =0 dxN(f) —n(2n)? 8(k). (11)

The probability, 13N, satisfies the same Smoluchowski equation (6), and from (3) the
initial condition is )
PS = PS en, (12)

In order to determine the self-diffusion coefficient we need to consider the temporal
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pehaviour of the dynamic structure factor, particularly the time derivatives of Fand F,.
For a simple diffusive process of independent particles F, ~ exp (—k>D, t), where D, =
kT/6nya is the diffusion coefficient of an isolated particle. Thus, 0F,/0t = —kzD0 E,
showing that the diffusion coefficient can be determined from the logarithmic derivative
of F,. At short times, t € a®*/D,, a particle has hardly moved, and the diffusion
coefficient determined from F; is the short-time self-diffusivity. At times long compared
to a®/D, but small compared to 1/k*D,, a particle has wandered far compared to its
size, but still a small distance compared to the lengthscale, 1/k, characteristic of the
spatial variation of the concentration of tracer particles. Thus in the limit 7 > a?/D,,
ka— 0, the time derivative of F, gives the long-time self-diffusivity (Rallison & Hinch
1986).

The time derivatives of F, and F can be found from (10) and (11) with the help of the
Smoluchowski equation to replace 0P, /0t with the flux j,.. Integration by parts, noting
that the flux at all boundaries is zero, gives

%1; = Ek,1) = fjl ikx dx N (13)

oF 2 olkex, N
and i Fk, 1) = F+ 1% 1k j]ze dx®. (14)
2.2. Short-time self- and collective diffusivities

The short-time self-diffusivity can be determined from (13) when evaluated at ¢ = 0. At
time 0 the initial distribution is taken to be the equilibrium one and the flux of particle
1 becomes

Jr==%D,,V,[V+In Y] P, (15)
s

where D, is the mobility (multiplied by k7)) giving the velocity of particle 1 due to a
force on particle §, and V' has been non-dimensionalized by k7. With the initial
condition on P9 from (12), f, becomes

710y = D, -ikPS,.

The time derivative of the self-intermediate scattering function becomes

E(k,0) = — il fk -D,, kP e dxV

- fk-Dn-kP"Nde. (16)
Noting that F(k,0) = 1, (16) can be rewritten as
Ek0) _

where the short-time self-diffusivity is defined as the average of D,; over the
equilibrium distribution

Di($) = N, i J k-D,,-kP%dx", (18)

and we have introduced the volume fraction ¢ = $nna® of the spherical particles.
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In a similar manner, the time derivative of the dynamic structure factor at ¢t = 0 can
be written as
F(k,0) = —k*D(k) F(k,0), 19)
where

D) = l(k) %fk (D, DI+ (N—1) (D, et =) k PYdx, dx,, (20)

kS,

and we have introduced the conditionally averaged mobility
1
(D= mell(xN) Py oo(Xgs - xn | X, x5)dxy, . Ay (21)

Here, PY,_,, is the conditional probability of particles being at x,,..., x given that
there are particles at x, and x,. A similar expression applies for {(D,, 2, the mobility
(multiplied by kT of particle 2 due to a force on 1.

The short-time self-diffusivity is a purely hydrodynamic quantity in that if there were
no hydrodynamic interactions among particles then Dy = D, the diffusivity of an
isolated particle. The short-time self-diffusivity has been measured experimentally by
dynamic light scattering using the above formula (Pusey & van Megen 1983, Ottewill
& Williams 1987) and determined by Stokesian Dynamics (Phillips, Brady & Bossis
1988 ; Ladd 1990); the agreement between experiment and the numerical calculations
is excellent. The short-time self-diffusivity has also been calculated analytically by
Beenakker & Mazur (1984); these calculations are in good agreement with experiment
up to ¢ ~ 0.4.

The wavelength-dependent diffusivity D(k) defined in (20) is a combination of both
hydrodynamic (D) and thermodynamic (S,(k)) effects. In the absence of hydro-
dynamics, however, the result is rather trivial: D(k) = D,/S,(k). The wave-vector-
dependent diffusivity can be related to the gradient diffusivity of colloidal dispersions,
as first pointed out by Russel & Glendinning (1981), by noting that, since D,, = D,,
for identical particles, the integral in (20) gives the flux of particle 1 due to a force on
particle 1 and due to a force of magnitude e'* s~ on particle 2. In the limit k — 0 the
same force is applied to all particles, which corresponds to gradient or collective
diffusion, or to sedimentation, showing the close relation between these two situations.
The recent experiments of Selim, Al-Naafa & Jones (1993) show excellent agreement
with (20) up to the highest volume fraction measured of 0.25.

2.3. Behaviour at arbitrary time

To determine the temporal response at arbitrary time we introduce the perturbation to
the transform of the equilibrium distribution f:

By = By F(k. ) [1+£y]. (22)

Since the entire problem is linear and proportional to F, it proves convenient to factor
out this dependence explicitly. The flux of particle 1 can then be written as

i = Dy Py k(1 +£] =2 D,y PV, f) E. (23)
8
The average perturbation must also be zero,

—]\% f P, foydxV = 0. (24)
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The time derivative of the self-intermediate scattering function becomes

- _ E(k,t 1. :
() = 200 kD)4 ik [(D, P ikf = 8D, PLY, fi) e, (29
: B

§

Similar expressions can be written for F and F, but we shall only consider the self-
intermediate scattering function in the remainder of this work.

Using (22) in the Smoluchowski equation, the equation for the perturbation to the
equilibrium structure becomes

PoafV XV, D PV, it B0,y ik kDL PV fy
‘+‘(EVa'DadP(I)\"ik+k'DnP?v‘k+(lnF.;))(l'+'fN)=0» (26)

with the initial condition
fv(xY,0)=0. 27

Note, we have removed the e *"= from P in (24)-(27) and thereby introduced the -
dependence into the evolution equation for f}.

The problem for the temporal decay of the density correlation function now reduces
to solving (26) for f,, and using this in (25) for (InE). Note that s1ncefN(t = 0) = 0, the
initial value of (InF) giving the short-time self-diffusivity is trivially recovered.
Equation (25) shows that the temporal behaviour of F, (or E +) will be of a memory form
giving the current value of F(¢) in terms of its earlier values The conventional memory
from (cf. Ackerson 1978; Cichocki & Felderhof 1992) can be obtained by writing the
perturbation to the equ111br1um structure as P, = P (F,+f,) rather than the form
used in (22). The form used in (22) is partlcularly convenient for extracting the steady
perturbation needed to obtain the long-time self-diffusivity. It should also be remarked
that (24)-(27) are not restricted to hard spheres, but are valid for any type of
interparticle interaction; the explicit reference to the interparticle potential has been
replaced by the equilibrium distribution P%,. In the next section we consider the small-
wavenumber expansion of (In F)) and f,, to determine the long-time self-diffusivity.

3. The long-time self-diffusivity and pair-evolution equation
3.1. Small-k expansion

The long-time self-diffusivity is determined by examining the temporal decay of the
self-intermediate scattering function in the dual limits ¢ — co, ka—~0. This involves a
consideration of the behaviour of f and (In'E) for small wave vectors and for large
times. In the long-wavelength limit we need only determine (In E) to O(k?) as this gives
the diffusive response. Since f is of O(k), (25) becomes

(nE) = —k*D; k- f (5D, PV, fy) dx™ +o(k?). (28)
And the evolution equation for f,, becomes

Nag;v »3V,-D,, P vﬂfN__-EV .D,, P ik +o(k). (29)
a B
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3.2. Pair-evolution equation and the dilute limit

The evolution equation for the perturbation to the equilibrium pair-distribution
function,

= fPO 2/2fN dxy_,, (30)

N-2)! 2)’

obtained by integrating (29) over N—2 particles is

0 .
ngft‘g—vr'Pg<Dr'VrfN>(2)"Vr'J<(D23—Dl3)'v3fN>gPgdxs = Vr'%<Dr>(2)Pg'lk,
(31

with boundary conditions of no relative flux at the surface of contact of the two
particles

r‘-[P*;<D,-v,fN>2+f<(D%—Dw)-vst>2P3 dx,]

=—F- KDy PY-ik at r=2a, (32)
and zero perturbation at large separations,

fi~0 as r—oco. 33)

This outer boundary condition follows from the fact that f, ~f, as r>o0, and a
consideration of the single-particle evolution equation will show f; = 0. The initial
condition remains unchanged of no disturbance,

fo(r,0) = 0. (34)

In writing (31) and (32) we have introduced V, = V, = —V,, with r = x,—x, and
7 = r/r. The relative diffusivity D, is defined by

DTED22+D11_Dzl_D12' (35)

Finally, the time derivative of the self-intermediate scattering function becomes
(W) = KD+ ik [P0,V f)8drdx, (36)

At long times the self-intermediate scattering function relaxes diffusively, with the
characteristic diffusivity being the long-time self-diffusivity at the volume fraction of
interest, D! (¢$). Thus, we expect

(nE) ~ —k*D’.(¢) as (o0, (37)

and in (36) only the steady solution for f,, is needed.

We first note that in the dilute limit the conditional averages with three particles fixed
in (31), (32) and (36) may be neglected, {D,-V, fN>° {D,>3-V,f,, and the relative
diffusivity becomes that for two particles alone in the fluid. Also, P) ~ n*, and the
solution for f, is identical to that given by Batchelor (1983) and Rallison & Hinch
(1986) and gives

(38)

Di(¢) [1—2¢  without hydrodynamics
D, ~ |1-2.1¢ with complete hydrodynamics.
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3.3. Factorization of the long-time self-diffusivity into hydrodynamic
and structural parts

Equation (36) for (In F,) is in dimensional form and the diffusivities under the integral
on the right-hand side must be non-dimensionalized. The most obvious choice would
be simply to non-dimensionalize D, by the diffusivity of an isolated particle D,.
However, at large separations between the two fixed particles the conditionally
averaged relative diffusivity, (D,);, asymptotes to 2Dj(¢), not to 2D,. The same
applies to the evolution equation for f,, which is actually independent of the scale of
the diffusivities at steady state. Thus, from (37) and (36) we conclude that

D: (¢) = Di(¢) x a function of f,(¢), (39)

where the function of f,(¢) is determined by the deformation of the equilibrium
structure caused by the diffusing tracer and is independent of the scale of the diffusivity.
Although independent of the scale of the diffusivity, the deformation of the structure
still has a dependence on hydrodynamic interactions. In prior work on the long-time
self-diffusivity (e.g. Medina-Noyola 1988; Cohen & de Schepper 1991) it has simply
been assumed that the factorization displayed in (39) was valid. The argument given
here shows that this follows directly from scaling. Note that this scaling is quite
general, applying to particles of arbitrary size and shape for any form of interparticle
interaction.

3.4. Closure of the hierarchy and determination of the long-time self-diffusivity

The above equations are still exact (to O(k)) and show that the evolution of the pair-
distribution function and the time derivative of the self-intermediate scattering
function depend on the triplet distribution through D,, V, f,, etc., and must be closed
in some manner. The simplest closure is to neglect couplings to higher-order terms,
which produces the dilute limit referred to above, but this will not be valid at high ¢.
Furthermore, simply including the correct pair-distribution function or conditionally
averaged hydrodynamics but neglecting couplings to the third particle will not
necessarily produce an improved approximation. A closure incorporating the effects of
all higher-order interactions is needed.

3.4.1. No hydrodynamic interactions: scaling prediction

To motivate the closure, we consider first the simplest case of no hydrodynamic
interactions, in which case (31), (32) and (36) can be written without approximation as

S 22 )<Y, 1,38 = 19,80 ik, (40)
F-g(r) VY, fy>s = —1g(r)ik-F at r=2a, (1)
and (‘E‘Df) - _kz%i: -k +ik-fng<r) (V,fydhdr, (42)

where we have used P = n®g(r), with g(r) the equilibrium radial distribution function.
To achieve a closed equation we need to express <V, fy>] in terms of V_ f,, but the
differentiation does not commute with the averaging (cf. equation (30), the definition
of the conditional average). Indeed, this problem has similarities with the determination
of the effective conductivity of a matrix filled with non-conducting particles —a
macroscopic concentration gradient of magnitude ik is imposed with no-flux boundary
conditions on the particle surfaces.
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To effect the closure we first note that the time derivative of the self-intermediate
scattering function can be expressed in terms of the flux of particle 1. That is, (42) can
be written as

(nF) .
D = KT 43)

where the constant flux of particle 1 (scaled by D,) is
3y = ikt [ng0) <, £, 4dr. 44)

We can replace the forcing vector ik in (40) by the constant-flux vector J, to give a self-
consistent set of equations to determine f:

5%)'%_{2— r'[g(r)<vrfN>(2)—%g(r) ng(r/)<vrfN>gdr/]=%Vrg(r)'.]—1’ (45)

along with the correspondingly modified boundary condition at contact. The
perturbation to the structure is now forced by the flux 7, rather than by the
concentration gradient of the tracer as represented by ik, and the flux itself is
determined self-consistently.

To determine the scaling of the long-time self-diffusivity as maximum packing is
approached we note that

f ng(r) <V, fy>edr = %M Y, fydx®

1

I
= 31 [T 0@ - [ T P 0

=—ng(2>3€ f,fdS— fng(r) Gy T anP)edr.  (46)

Since f, must be linear in the vector j; we define
S, 1) = fir, F-J,, (47)
and similarly {f, V,(In P%)>3 will be linear in 7,. Thus, using (46) in (44) and non-
dimensionalizing r by a, J, becomes
ik
L= - . (48)
144922 2,0+ ¢ j ng(r) (fydin PS/dr)}r2dr
2

As maximum packing is approached the equilibrium radial distribution function at
contact diverges as (Woodcock 1981)

8(2;9) ~1.2(1-¢/¢,)" as ¢—~>o,,

with ¢,, = 0.63. Since the integral in (48) remains O(1) as ¢~ ¢, as does f,, the
dominant contribution to j,, and therefore to D%, comes from g(2)f(2,1), and we
predict the scaling

D%, ~ Dy/g(2) ~ Dy(1=¢/¢,) as ¢y, (49)
The long-time self-diffusivity vanishes linearly at maximum packing.
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FiGure 1. Comparison of the theoretical prediction for the long-time self-diffusivity in the absence
of hydrodynamic interactions, equation (51), solid line, with the numerical simulation results of
Cichocki & Hinsen (1990, 1992) (). The dashed line is the asymptotic prediction as random close
packing, ¢, = 0.63, ¢, = 0.63, is approached: D’ ~ 1.5(1—¢/¢, ). The thin solid line and the
dot-dashed line are approximate closures discussed in the text. The dotted line is the prediction of
Szamel & Leegwater (1992). D? (¢) has been non-dimensionalized by the Stokes-Einstein diffusivity
D, = kT/6nya.

3.4.2. No hydrodynamic interactions: estimate for all ¢

To determine the precise value of the long-time self-diffusivity we must solve the
pair-evolution equation (45) for f,, which is now an integro-differential equation with
a ‘renormalized’ pair diffusivity. The appropriate timescale is seen to be a’g(2)/D, or
from (49) a®/ D%, Physically, the relaxation of the deformed structure and the approach
to steady state is with the long-time self-diffusivity as the tracer must move a distance
of order its size. Note that only the value of f, at contact is needed for the asymptotic
behaviour, and thus a simple estimation of this value is all that is required. We estimate
[, at contact at steady state by its dilute value

=3 (50)
and the long-time self-diffusivity for all ¢ is approximately given by
Do(¢) = Dy[1+2¢g(2; $)1 . (51

This expression correctly reproduces the dilute limit (38) and has the proper scaling at
maximum packing.

In figure 1 we show a comparison of (51) with the Brownian dynamics simulations
of Cichocki & Hinsen (1990, 1992). In these simulations the particles interacted
through hard-sphere repulsive forces, but there were no hydrodynamic interactions
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(ie. D,, =Dyl and D, =0 in the Smoluchowski equation). The values of the
equilibrium radial-distribution function at contact were found from the Carnahan-
Starling (Carnahan & Starling 1969) equation of state for ¢ < 0.5 and from the
molecular dynamics simulations of Woodcock (1981) for ¢ > 0.5. The prediction is in
reasonable agreement with the simulation results, with what appears to be a slight over
estimation of the long-time self-diffusivity at large ¢.

To test the sensitivity to the estimate of f,(2), in figure 1 we show two other
approximate solutions. In the first — the thin solid line — (45) was solved numerically by
approximating {V,f,>5 with V, f, and using the Percus—Yevick equation for g(r). The
full expression (48) was used for D?, but the dominant contribution was always
g2(2)(2). This approximation works well for dilute and moderate ¢, but drastically
under-predicts the long-time self-diffusivity for high ¢ owing to an over-estimation of
A2). In the second approach — the dot-dashed line — the renormalized pair diffusivity
when multiplied by g(r) was approximated as a constant, i.e. V¥, = —1Vg-J, was
solved. This approximation works rather well, although now slightly over-estimating
the long-time self-diffusivity. For a closure to work well it is essential that f{2) remain
near the dilute value of }.

Also shown in figure 1 is the theoretical prediction of Szamel & Leegwater (1992) for
the long-time self-diffusivity in the absence of hydrodynamic interactions. Szamel &
Leegwater (1992) arrived at an expression similar to (48) for the flux of the tracer
particle and a similar ‘renormalized’ pair-evolution equation. In their approach they
made an appeal to the fluctuation-dissipation theorem in order to allow them to
compute the tracer particle’s drag coefficient rather than its mobility and then used this
in a frequency- and wavelength-dependent Stokes—Einstein relation. This is entirely
equivalent to replacing ik by j, as done here, although we do not need to appeal to any
thermodynamic arguments. In most prior studies of the long-time self-diffusivity (e.g.
Medina-Noyola 1988; Hess & Klein 1983) the drag coefficient rather than the mobility
was also calculated and the fluctuation-dissipation theorem used to relate it to the
diffusivity. Szamel & Leegwater’s improved estimate of D? , as their better agreement
with the numerical results would seem to indicate, comes from determining f, by
considering three-particle interactions and closing the hierarchy by a decoupling
approximation, rather than using the dilute estimate for f,(2) as we have done here.
They did not, however, note the asymptotic scaling relation near maximum packing.

3.4.3. No hydrodynamic interactions: repulsive interparticle forces

Before moving on to consider hydrodynamic interactions, it is instructive to consider
particles that interact through hard-sphere-like repulsive forces characterized by a
length b greater than a. All the considerations leading up to (48) are still valid, but now
we find that g(2) = 0 because there are no particles precisely at contact at r = 2a.
However, there is now a singular force at 25 and thus V, In P}, will have a delta function
at contact at 2b and the volume integral in (46), or in (48), will project out precisely g
and f at contact at 2b. The long-time self-diffusivity then becomes

D (9) = Doll +2¢,8(2; )", b > a, (52)

where ¢, = $nnb® is the ‘thermodynamic’ volume fraction based on the length 5.

3.4.4. Hydrodynamic interactions

We would now like to show that with hydrodynamic interactions the long-time self-
diffusivity still scales as D3(¢)/g(2; ¢) as ¢ > ¢, and that (51), with D, replaced by Dj,
a function of ¢, is still an accurate estimate over the entire range of ¢. Physically, one



Self-diffusivity in concentrated dispersions 123

should expect a similar scaling since the effective size of the tracer, as measured by g(2),
is the same with or without hydrodynamic interactions.

First we note that ik can be replaced by j, as before to obtain the renormalized pair-
evolution equation

bg_s—%ftg_ r [g(r) <D_r VrfN>(2]—%g(r) <ﬁr>g ) f%ng(r/) <D_T. Vr’fN>(2]dr,]

—Vr'%[ J <(ﬁ23—ﬁ13)-v3fN>2P3dxa] =V, 3 <D T, (53)

with the corresponding no-flux boundary condition at contact. The overbars denote a
normalization of the diffusivities by Dj(¢) as discussed in §3.3. The constant flux j,
becomes

i = ik [g() <, ¥, Syt (54)

and the integral will again be proportional to J,. Integrating by parts as before we have
[pe) 0,9 f 000 = 20500 <50, 1,330

— [t160) <14 D, 9,10 PR 07— (1) AT, DR (59)

The first integral on the right-hand side of (55), which gave the contact value of g(r)
without hydrodynamics, is zero with complete hydrodynamics because #-D, is the
relative radial mobility of two particles at contact, which is zero. The contact value of
g(r) comes from the third integral on the right-hand side because as maximum packing
is approached V,- D, is singular at contact. For hard spheres D, - (V, In P%) = 0 because
the flux of each particle at equilibrium is zero, and it is V,-D, that ensures that the
proper equilibrium distribution is obtained. With complete hydrodynamics no
interparticle potential is needed to achieve hard-sphere behaviour; hydrodynamics
alone are sufficient (Brady 1993 a). Physically, the singularity in V,-D, arises because
the variation in the relative mobility of two particles is small at close packing for all
separations not near contact because the relative motion is resisted by the effective
viscosity of the suspension, not by the viscosity of the solvent. Near maximum packing
the effective viscosity, which in this case will be the high-frequency dynamic viscosity,
diverges. For two particles in contact on the other hand, the relative motion is resisted
by the viscosity of the solvent, not that of the suspension, and this results in V,-D,
having a delta function at contact. (See Bossis, Brady & Mathis 1988 for values of
{D,>}.) There is a compensation between complete hydrodynamics and hard-sphere
behaviour without hydrodynamics (Brady 1993a). This delta function in the last
integral will project our precisely the same factor of g(2)£,(2, ¢) as in the case without
hydrodynamics. As before this term is also the dominant contribution near maximum
packing and therefore we have the scaling

D () ~ Dy($)/g(2;¢) as ¢y, (56)

[t remains only to estimate the value of f,(2) from the solution of (53). We shall use
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FiGURE 2. Comparison of the theoretical prediction, equation (57), solid line, for the long-time self-
diffusivity of Brownian hard spheres with various experimental results and the Stokesian dynamics
simulations of Phung (1993). The dashed line is the asymptotic prediction as random close packing,
¢, = 0.63, is approached: D’ ~ 0.562(1—¢/$,)%. D’ (¢) has been non-dimensionalized by the
Stokes—Einstein diffusivity D, = kT/6nna. The solid squares are the long-time self-diffusivities in the
absence of hydrodynamic interactions determined from computer simulations by Cichocki & Hinsen
(1990, 1992) multiplied by the hydrodynamically determined short-time self-diffusivities (Phillips ez
al. 1988; Ladd 1990). &<, van Blaaderen, et al. (1992); &, van Megen & Underwood (1989); O, van
Veluwen & Lekkerkerker (1988); A, Ottewill & Williams (1987); X, van Megen, Underwood &
Snook (1986); (1, Kops-Werkhoven & Fijnaut (1982); @, Phung (1993); N =27; Pe = 0.01.

the same simple dilute estimate as we did without hydrodynamics to approximate D?

* D (¢) = Dy(@) [1 +2¢g(2; $)I, (57)

for the entire range of ¢7.

In figure 2 we compare our prediction, (57), for the long-time self-diffusivity with the
experiments of Kops-Werkhoven & Fijnaut (1982), van Megen, Underwood & Snook
(1986), Ottewill & Williams (1987), van Veluwen & Lekkerkerker (1988), van Megen
& Underwood (1989), van Blaaderen er al. (1992) and the Stokesian dynamics
simulations of Phung (1993). (Note that the simulation results are for 27 particles in
steady simple shear at Péclet number Pe = ya®/D, = 0.01, where y is the magnitude of
the shear rate.) The agreement is seen to be excellent for all ¢. In figure 3 we show the
same data but on a log-linear plot to amplify the data near close packing. In making
these plots we have used the short-time self-diffusivities determined by Stokesian

t This expression, of course, does not correctly reproduce Batchelor’s dilute-¢ limit (although a
complete solution of the dilute two-body problem would), and is only intended as a simple analytical
estimate for all ¢ with the proper asymptotic form at maximum packing.
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F1GURE 3. The same as figure 2 but shown on a log-linear plot to amplify the region of small
diffusivity near close packing.

Dynamics simulations (Phillips er al. 1988; Ladd 1990), which are in good agreement
with the experiment for all ¢.

The theory predicts that the long-time self-diffusivity vanishes quadratically at
random close packing ¢,, ~ 0.63:

D /Dy ~ Dy(9)/2¢8(2;¢) ~ 0.562(1 ~$/¢,)* as ¢—>g,. (58)
This behaviour arises because the short-time self-diffusivity Dg(¢) ~ 0.85(1—¢/¢,,) as
random close packing is approached (Brady 1993b; Phung 1993) and the radial-
distribution function at contact diverges as g(2;¢) ~ 1.2(1—¢/¢,)" as ¢—>¢,,
(Woodcock 1981). The experimental data appear to agree with this prediction,
although the formula tends to over predict the diffusivity at high ¢. Recall that the
hard-sphere system undergoes a phase transition to an FCC solid at ¢ = 0.5, and we
have assumed that the dispersion remains random all the way up to close packing. It
is quite possible that the experiments are showing the onset of the phase transition for
¢ near 0.5, with a corresponding decrease in the long-time self-diffusivity.

Although the simple prediction in (57) is in reasonable agreement with experiment,
we can also test the factorization of the long-time self-diffusivity into hydrodynamic
and thermodynamic parts, as predicted by (39), directly by multiplying the long-time
self-diffusivities obtained in the simulations of Cichocki & Hinsen (1992) for hard
spheres in the absence of hydrodynamics by the hydrodynamically determined short-
time self-diffusivity Dj. The results of doing this are plotted as the solid squares in
figures 2 and 3, showing that this factorization is borne out by the experimental data.

The reason why this factorization works is that the number of neighbours that the
moving tracer particle must carry with it, i.e. its cage, is the same with and without
hydrodynamics. The size of the cage is directly proportional to the number of near
neighbours, which is measured by the equilibrium radial-distribution function at

5 FLM 272
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contact. This cage increases the size of the tracer particle, and from the Stokes—Einstein
relation the diffusivity is proportional to the mobility of an individual particle divided
by this increase in size. Hydrodynamics affects the mobility of the individual particle;
the average mobility of a particle is the short-time self-diffusivity. Hence, we expect on
physical grounds that D?_ ~ D5/g(2), at least for large ¢, which is precisely what this
theory predicts.

4. Memory effects and the relation to the dynamic viscosity

In the previous section we showed that the slowing down of the long-time self-
diffusivity could be interpreted from the Stokes-Einstein relation as due to the
increased size of the tracer. An alternative perspective is to use the Stokes—Einstein
equation to relate the self-diffusivity to the effective viscosity of the suspension; that is,
D ~ kT/ay,;. The question is, what is the appropriate effective viscosity to use?

When a colloidal dispersion is subjected to a small-amplitude (so that the Péclet
number, Pe = ya*/D, < 1, where y = (E]) oscillatory shear of the form £ e, where £
is the rate of strain of the imposed shear flow and w is the frequency, the dispersion
responds viscoelastically and can be characterized by a dynamic viscosity with real and
imaginary parts (van der Werff et al. 1989; Brady 19935)

1,(w) = 7' (w) —in"(w), (39)

where 7, is the viscosity of the suspension divided by that of the solvent. The real part
corresponds to dissipation and the imaginary part to elasticity.

At high frequencies the suspension is not perturbed from its equilibrium state, and
therefore the dynamic viscosity is purely real and defines the high-frequency dynamic
viscosity

oo = 7'(0—>00) = 5,(w > 0).

The high-frequency dynamic viscosity is a purely hydrodynamic quantity caused by the
fact that the rigid particles do not deform as fluid elements. Since the stucture is not
perturbed, the averaging implied is over the equilibrium distribution. For small volume
fractions #/, ~ 1+2¢; the 1 is from the solvent and the 3¢ is the Einstein viscosity
correction. At high concentrations 7, ~ (1 —¢/¢,,)"* due to the lubrication singu-
larities in the hydrodynamic interactions among particles. The short-time self-
diffusivity is also purely hydrodynamic in origin, defined as an equilibrium average and
has the inverse scaling as ¢ -> ¢,,. Thus, at least at high ¢, the Stokes—Einstein relation
gives
. kT

Di(@) nan. () (60)
The short-time self-diffusivity scales as one over the high-frequency dynamic viscosity.
That there should be a relationship between the short-time self-diffusivity and the high-
frequency dynamic viscosity was also explored theoretically by Beenakker & Mazur
(1984) and Beenakker (1984).

As we saw in the previous section, the long-time self-diffusivity is not simply an
equilibrium average, but involves the steady deformation of the structure by the
diffusing tracer. This deformation is similar to the deformation caused by a steady
shearing motion, and thus we should expect the long-time self-diffusivity to be related
to the zero-frequency or steady-shear viscosity

7o = 9 (0> 0) = 9,(w—0).
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In my earlier paper on the rheological behaviour of colloidal dispersions (Brady
19935), 1 showed that the steady-shear viscosity was given to a very good
approximation by

8(2;¢)
Dy(¢)

where the last term is a contribution from the deformation of the equilibrium structure
by the shearing motion. The form of the last term, g(2)/Dj, is an asymptotic scaling
relation as maximum packing is approached. Equation (61) is in excellent agreement
with experiment for all ¢, and shows that the steady-shear viscosity diverges at random
close packing as 7, ~ (1—¢/¢,,)7%; the divergence coming from the dominant last
term. From (57) for the long-time self-diffusivity we see that D? and #; are indeed
related, and that at high ¢ we predict the precise relation

kT 1
617 7y(9)

The long-time self-diffusivity is inversely proportional to the zero-frequency or steady-
shear viscosity. The coefficient £¢ comes from using the simple dilute estimate for f, at
contact and from an analogous simple estimate in shearing motion. Thus, while the
coefficient in (62) may not be correct, the scaling relation is valid at high ¢.

The close relationship between the self-diffusivities and the dynamic viscosities at the
two extremes in frequency suggests that this relationship may carry over to all
frequencies. To address this issue we need to consider the temporal behaviour of the
diffusive motion, or how the particle goes from the short- to the long-time self-
diffusivity. This leads to so-called memory effects in diffusion.

In the previous section (equation (48)) we saw that the long-time self-diffusivity can
be written approximately as

D ($) = Dy() [1 +462(2, $) 2, 017", (63)

where f(2, 1) is the perturbation to the equilibrium pair-distribution function at contact.
Only the steady solution for f was needed to obtain the long-time self-diffusivity, but
we can use this equation to capture the temporal approach to this limit. (We are only
interested in the diffusive behaviour, so the smali-k expansion used is still valid.) The
form of (63) suggests that the proper way to examine the temporal response is through
(1/D:,—1/Dj):

W= g (61)

Di(¢) = tp—— G (62)

1 22;9)
A ey

2,1, (64)
or, upon introducing the Fourier transform in time, denoted by ",

T T a9,
55 D)

f2,0). (65)

Using the dilute approximation for f,, the equation for the transform f'is

,df f a
zd,( d,) ;—laf—O, (664a)
f~0 as r—oo, (66b)

g;_%@a@+%)atr=z (660)

5-2
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where « = wa®/2D?,, and the initial condition has been replaced by the Heaviside
forcing at the boundary r = 2; (nd(w)+ 1 /iw) is the Fourier transform of the Heaviside
function.

Equation (664) is Bessel’s equation with solution

r.0) = Zexploh )| et | (mdw)+ ).

1 + 2y + 329
where zy = 2(i)E.
_ 1 1+ ,z0 1

In my theory of rheological behaviour (Brady 19935), 1 showed that for arbitrary
frequency the difference between 7, and 7., i.e. (61), could be written as

- §¢2g(2($)fR(z g, (68)

where the perturbation to the equilibrium structure caused by the shearing motion s Fs
satisfies the same equation as £, (66a—c), except with a 6 in place of the 2 in front of
f/r* and the boundary condition at contact is 2 in place of 1. These changes arise
because the forcing in shear flow is from the rate-of—strain tensor, and thus the
perturbation to the equilibrium structure must be linear in £. This gives the shear flow
disturbance the character of a quadrupole, with the perturbation decaying as r—2. For
diffusion, the forcing is with the wave vector ik, which leads to the 2 and a dipole-like
solution decaying as r%. Also, the characteristic timescale for the relaxation of the
structure in shear is the short-time self-diffusivity, and not the long-time self-diffusivity
as in diffusion. This difference arises because the structure is only slightly perturbed
from equilibrium in a small-amplitude shear flow, and all the particles are perturbed
in the same manner, so that an individual particle need only move a small distance to
relax the structure. (Note that the requirement for small departures from equilibrium,
or small Péclet numbers, is ya®/Dj(¢) < 1, which becomes a very severe requirement
on the shear rate as maximum packing is approached.) Thus, the frequency appearing
in (68) is non-dimensionalized with Dy(¢)/a.
The solution for fR at contact with the same Heaviside forcing is

fR(z,wR>=§[ it (naw)+ ) (©9)

1+ZR+92R+$1) &

wa

h =2 =2 .
wheret (locg)? ( 5 Df,)
The prediction for the dynamic viscosity (for both the real and imaginary parts) was
shown to be in good agreement with experiment at all ¢ (Brady 19935). Indeed,
removing the overall amplitude of the viscosity by defining (3,(w)—19..)/(y,—17.,) and
non-dimensionalizing frequency with Dj(4)/a* collapses the data for different
concentrations onto a single universal curve.

Although not identical owing to the quadrupolar versus dipolar forcing, the two
expressions for f and f at contact have the same asymptotic forms in the high- and

t This seems to be an appropriate place to remark that a factor of 2 was neglected in the non-

dimensionalization of the frequency in my earlier work on rheology (Brady 19934). The non-
dimensional frequency should be wa?/2D;, not wa®/ D% as used earlier.
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FiGure 4. Comparison of the frequency response function at contact for diffusion, equation (67),
solid curve, with that for viscoelastic behaviour, equation (69), dashed curve. The frequency is non-
dimensionalized with 4* and the long-time self-diffusivity, D* (¢), for the diffusive response, and the
short-time self-diffusivity, Dj(¢), for the viscoelastic response.

low-frequency limits, behaving as 1/z and O(1), respectively. Here we refer to the terms
in square brackets only, as the Fourier transform of the Heaviside function results
from the initial condition and is not fundamental to the frequency response. In figure
4 both functions are plotted, with neither the multiplicative factors of 3 and %,
respectively, nor the Heaviside forcing (nd(w)+1/iw), versus their respective non-
dimensional frequencies. They have the same qualitative form over the entire frequency
range, and thus the temporal evolution from short- to long-time diffusive behaviour
should scale as the dynamic viscosity. The only important difference is that the short-
time self-diffusivity is the appropriate scaling for time for the rheological response,
while it is the long-time self-diffusivity for the diffusive response. Note also, that if the
overall amplitude of the diffusivities is scaled out by defining a reduced diffusivity
(1/D*(w)—1/D3)/(1/ D, —1/Dg), then this theory predicts that the reduced diffusivity
should be a universal functlon of time non-dimensionalized by a?/D’ (¢). It is also
interesting to note the symbolic reciprocal relationship between the diffusivity and the
viscosity: low frequency (w — 0 or ;) corresponds to long time (¢ — co or D?,) and vice
versa.
The frequency response predicted by (67) gives the following temporal behaviour: as
t— oo the approach to the long-time self-diffusivity decays as 1%, scaled, of course, with
a?/D?., which should be experimentally measurable. Indeed, the numerical simulations
of ClChOCkl & Hinsen (1990) show precisely thlS behaviour. For short times, the
temporal response is predlcted to rise from zero as £, coming from the v decay in the
term in square brackets in f{2, w). This frequency response decaying as w ~as w— 0
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is too slow and gives an incorrect prediction for the short-time response. This slow
decay can be traced directly to the neglect of hydrodynamic interactions in the dilute
pair-evolution equation used to estimate /. Retaining hydrodynamics will give f ~ 1/a
as w—> oo, which is a more rapid frequency decay, corresponding to a temporal
response proportional 7. Exactly the same behaviour occurs in the viscosity problem,
and the resolution of this slow decay is explained more fully in Brady (1993 5).

5. Conclusions

In this paper we have analysed the temporal decay of density fluctuations and
through this obtained expressions for both the short- and long-time self-diffusivities in
concentrated colloidal dispersions. The short-time self-diffusivity was shown to be the
equilibrium average mobility of a tracer particle and thus fundamentally a
hydrodynamic quantity. The long-time self-diffusivity, on the other hand, requires the
tracer to wander far from its starting point and in so doing deform the suspension
structure. It was argued that the deformation and relaxation of the structure must be
determined self-consistently using the long-time self-diffusivity. This led to the
prediction that the long-time self-diffusivity was given by the product of the
hydrodynamically determined short-time self-diffusivity, D}, and a thermodynamically
controlled structural quantity [1 +2¢g(2; @)]™".

An alternative and simple physical picture of the long-time self-diffusivity can be
argued through the Stokes—Einstein relation that states that the diffusivity is
proportional to the mobility of an individual particle divided by its characteristic size.
As a tracer particle moves it carries along its neighbours or cage, and thus its effective
size 1s increased and as a result its motion slowed down. This increase in size is a
‘geometric’ problem, occurring whether or not there are hydrodynamic interactions
among particles. Thus, the slowing down due to the increased size is controlled by
structure and is directly proportional to the radial-distribution function at contact,
£(2). The mobility of an individual particle is simply the short-time self-diffusivity, and
we arrive at the scaling prediction for the long-time self-diffusivity, D% (¢) ~
Di($)/2(2; 9).

The prediction of this theory for the long-time self-diffusivity of Brownian hard
spheres, D°(¢4) = Di(¢)[1+2¢g(2; )], shows that as maximum packing is ap-
proached the tracer’s motion ceases according to D°_ ~ 0.562D (1 —¢/¢,)? as ¢~ ¢,,.;
one power of (1—¢/¢,,) coming from the vanishing of the short-time self-diffusivity
and the other from the singular behaviour of the radial-distribution function at
contact. As shown in figure 2 this prediction is in excellent accord with experiment over
the entire range of volume fractions.

For particles that interact through hard-sphere-like repulsive interparticle forces, the
same formula applies. The only change is that the short-time self-diffusivity is set by
the true or hydrodynamic volume fraction ¢, but the radial-distribution function is set
by the ‘thermodynamic’ volume fraction — the volume fraction that characterizes the
equilibrium structure. For repulsive forces that have roughly the same range as the
actual particle radius, the predicted long-time self-diffusivities will be virtually identical
to those of Brownian hard spheres. This is because Dj decreases linearly with volume
fraction (nearly so for almost all ¢ and precisely near ¢,,), so that the slowing down
due to mobility and structure will both contribute. This fact must explain why the
experimental results, which are for real colloidal particles that are approximately hard
spheres, are all in agreement — the behaviour is not sensitive to any short-range
repulsive forces.
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For long-range hard-sphere-like repulsive forces, such that the equilibrium structure
is set by and reaches its maximum thermodynamic volume fraction, ¢,,,, where the
length b characterizes the range of the repulsive forces, long before the true or
hydrodynamic volume fraction is near maximum packing, the theory predicts that the
long-time self-diffusivity slows down due only to the increase in size of the tracer, i.e.
D, ~D1+2¢,22,¢,)1". Thus, D ~ D(1—=¢,/¢,,) as ¢, > P,,.. The individual
particle mobility is simply the infinite-dilution Stokes—FEinstein diffusivity D,

Rallison (1988) has developed a theory for the long-time self-diffusivity in
concentrated suspensions that seems to have the same physical notion that a particle
is slowed down by carrying along its neighbours. From a consideration of a one-
dimensional random walk of sterically interacting particles, he argues that the long-
time self-diffusivity is given by the individual particle diffusivity divided by the number
of neighbours a particle carries. Rallison then develops a heuristic scheme to estimate
the size of the region of influence of the moving tracer as a function of time, i.e. the
number of neighbours being carried, and from this obtains an estimate for the long-
time self-diffusivity. Physically this is similar to the idea put forth here, and through
our calculation of the perturbation to the equilibrium structure we have a direct
determination of the number of carried neighbours. Rallison did not consider
hydrodynamic interactions, and when he applied his theory to a concentrated
suspension of spherical particles, he predicted that the long-time self-diffusivity would
vanish quadratically at random close packing. This prediction contradicts the results
obtained here, for we have argued that in the absence of hydrodynamic interactions the
long-time self-diffusivity should vanish linearly at random close packing (cf. (52)). The
numerical calculations of Cichocki & Hinsen (1990, 1992) in figure ! also show that in
the absence of hydrodynamic interactions the long-time self-diffusivity vanishes much
more slowly than quadratically.

We have also shown that the self-diffusivities are inversely proportional to the
suspension viscosities. The short-time self-diffusivity scales as kT/nay.,, with 3/ the
high-frequency dynamic viscosity, while the long-time self-diffusivity scales as kT'/yay;,
with 7, the zero-frequency or steady-shear viscosity. This inverse relationship between
the self-diffusivity and the suspension viscosity carries over to arbitrary frequencies if
one defines a frequency-dependent self-diffusivity D*(w). Indeed, it was shown that
the normalized frequency-dependent self-diftusivity (1/D%(w)—1/D})/(1/D:,—1/D§)
should be a universal function for all volume fractions of the non-dimensional
frequency wa®/ D% (¢), and that this frequency dependence should be virtually identical
to that of the reduced viscosity (y,(w)—7.,)/(n,—%.,), when the latter’s frequency is
normalized with the short-time self-diffusivity, Dj(¢)/a®. This universal scaling for the
frequency-dependent viscosity has been verified experimentally (van der Werff ez al.
1989), and we put forth this prediction for the self-diffusivity to be tested
experimentally. The test need not be done in the frequency domain, but can be done
simply by comparing the temporal evolution from the short- to long-time self-
diffusivity with the temporal increase in viscosity in the start up of steady shear.

The theory we have put forward for determining the long-time self-diffusivity forms
the natural starting point for further studies. We have considered the simplest case of
hard-sphere-like particles, and for ease of analytical calculation estimated f, at contact
ignoring the spatial variation of the equilibrium structure, but both of these restrictions
can be relaxed. It is a straightforward matter to solve the pair-evolution equation
numerically for a specific form of the interparticle potential, i.e. g(r), and a variety of
three-particle closures can be used. Indeed, knowing that the hard-sphere suspension
undergoes a phase transition to a solid at ¢ ~ 0.5, it would be interesting to see what



132 J. F. Brady

effect this structural change has on the long-time self-diffusivity. Perhaps the seemingly
more rapid drop in the experimental long-time self-diffusivities near ¢ ~ 0.5 than
predicted by the present theory could be explained by this phase transition.

The theory can also naturally be extended to consider the diffusive behaviour away
from equilibrium, for example in shearing flow (Qui e a/. 1988). The only modifications
needed are to add the convective motion UPy, to the flux of a particle, which influences
both the expression for the time derivative of the self-intermediate scattering function
and the pair-evolution equation. The latter now becomes a convection—diffusion
equation with an appropriate Péclet number measuring the relative importance of
convection to diffusion. From the literature on convection—diffusion problems one can
immediately recognize that in simple shearing motion the effect of flow will enhance the
self-diffusivity analogous to the dispersion studied by Taylor (1953). It should also be
possible to use this formulation to study the diffusive motion far from equilibrium
where convection dominates and the diffusivity scales hydrodynamically as ya®.

The factorization of the long-time self-diffusivity into the hydrodynamically
determined short-time self-diffusivity and a geometrically or thermodynamically
determined structural term also carries over to other situations. Specifically, it would
be interesting to see how this factorization works for the translational and rotational
diffusivities in rod-like suspensions or for the long-time self-diffusivity in fixed arrays.
Each of these problems can be formulated in a very similar manner and recent work
on diffusion in fixed arrays shows that accurate predictions can be obtained by this
factorization (Brady 1994).

This work was supported in part by Grant No. CTS-9020646 from the National
Science Foundation.
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